Efficient methods have been developed for constructing m node-disjoint paths from one source node to other m (not necessarily distinct) destination nodes in an n-dimensional hypercube so that not only is their total length minimized, but their maximal length is also minimized in the worst case, where m ≤ n. For general case, their maximal length is not greater than the minimum of n + 1 and the maximal distance (between the source node and destination nodes) plus two. In this paper, we show that their maximal length can be further reduced by at least 1 if one of the two conditions holds. Besides, their total length remains minimum, and each path remains either shortest or second shortest. In the situation that all of the source node and destination nodes are mutually distinct, computer simulation results show that by excluding two trivial worst cases in which the maximal length of (previously) constructed node-disjoint paths (from the source node to the destination nodes) is not only greater than the maximal distance but also impossible to be further reduced, the probability that one of the two conditions holds is greater than 71%, 73%, 79%, and 85% for m = n = 4, 5, 6, and 7, respectively.
Introduction
Modern hardware technology has made it feasible to build a large-scale multiprocessor system involving hundreds or even thousands of processors. One crucial step on designing a multiprocessor system is to determine the topology of its interconnection network (network for short), because its system performance is significantly affected by the network topology. Since the network topology plays a significant role in system performance, many possible options have been proposed in the literature. One of the popular network topologies is the hypercube network (hypercube for short) [11, [18] [19] [20] 23, 24, 34] . Hypercube has enjoyed the popularity due to many of its attractive properties, including regularity, node symmetric, link symmetric, small diameter, strong connectivity, recursive construction, partition capability, and small link complexity.
An n-dimensional hypercube (abbreviated to an n-cube) [34] consists of 2 n nodes that are labeled with 2 n binary numbers from 0 to 2 for short), because they can be used to avoid congestion, accelerate transmission rate, and provide alternative transmission routes. Two paths are internally node-disjoint if they do not share any common node except their end nodes. The concept of disjoint paths arose naturally from the study of routing, reliability, and fault tolerance in parallel and distributed systems. Throughout this paper, processor and node are used interchangeably.
There are three categories of disjoint paths, i.e. one-to-one, one-to-many, and many-to-many [7] . Suppose that W is a network with connectivity n. According to Menger's theorem [2] , there exist n disjoint paths between every two distinct nodes of W . They belong to the one-to-one category. Many one-to-one disjoint paths constructed for a variety of networks can be found in the literature [6, 7, 9, 10, 21, 22, 25, 31, 35] . On the other hand, according to Theorem 2.6 in [1] , there exist n disjoint paths from one node to other n distinct nodes in W . They belong to the one-to-many category. One-to-many disjoint paths were first studied in [33] where the Information Dispersal Algorithm (IDA for short) was proposed for the hypercube. By taking advantages of disjoint paths, the IDA has numerous potential applications to secure and fault-tolerant storage and transmission of information. Some examples of one-to-many disjoint paths can be found in [3, 5, 8, 13, 17, [25] [26] [27] [28] [29] [30] [31] [32] [33] . Many-to-many disjoint paths (or named set-to-set disjoint paths), which connect two sets of nodes in W , can be found in [4, [14] [15] [16] [17] 24] .
In order to reduce the transmission latency and cost, disjoint paths are desired to have their maximal length and total length minimized, respectively, where the length of a path is the number of links in it. In this paper, we focus on the problem of constructing m disjoint paths from one source node to other m (not necessarily distinct) destination nodes in an n-cube so that their total length and/or maximal length are minimized. Previously, many valuable research works had been devoted to solving this problem [5, 13, 17, 27, [30] [31] [32] [33] . Among them, an outstanding result appears in [13] where Gao et al. showed that m disjoint paths from one source node to other m (not necessarily distinct) destination nodes can be constructed so that their total length is minimized and their maximal length is not greater than the minimum of n + 1 and the maximal distance (between the source node and destination nodes) plus two, and hence, as shown in [27] , their maximal length is minimized in the worst case. Besides, each path is either shortest or second shortest.
Routing functions had been shown to be effective in deriving disjoint paths in hypercube-like networks [26] [27] [28] [29] . In this paper, we show that the maximal length of the disjoint paths obtained according to the construction method of [13] can be further reduced by at least 1 if one of two conditions holds, where the two conditions are described in terms of routing functions. Besides, their total length remains minimum, and each path remains either shortest or second shortest. In order to figure out the probability that one of the two conditions holds, the construction method of [13] was first tried (by executing a computer simulation program) on the combinations of mutually distinct source node and destination nodes, and then the two conditions were verified for the non-optimal case in which the maximal length of prior constructed disjoint paths from the source node to the destination nodes is greater than the maximal distance. By excluding two trivial worst cases in which the derived maximal length is impossible to be further reduced, computer simulation results show that the probability that one of the two conditions holds is greater than 71%, 73%, 79%, and 85% for m = n = 4, 5, 6, and 7, respectively. The rest of this paper is organized as follows. In Section 2, routing functions are revisited and for a special routing function, an optimal construction procedure is given for constructing m disjoint paths with their total length minimized. By applying routing functions and the construction procedure, a construction method, which is equivalent to that of [13] , is also briefly described. In Section 3, we show that the disjoint paths obtained according to the construction method can be further reduced if one of the two conditions holds. Computer simulation results are described in Section 4. In Section 5, this paper concludes with some remarks on the construction of disjoint paths with maximal length minimized. For the brevity of this paper, we let ''disjoint'' and ''distinct'' stand for ''mutually disjoint'' and ''mutually distinct'', respectively.
Construct disjoint paths with routing functions
Suppose that s is the source node and d 1 
In [27] , a partial routing function Ω was said to be maximal 
For the readability of this paper, we briefly describe, in terms of routing functions, the construction method of [13] as follows. According to [13] 3 ) construction algorithm of [13] so that their total length is minimized. Recently, the efficiency of the algorithm was improved in [32, 5, 27] . Among them, an optimal O(mn) construction procedure was proposed in [27] .
Let dis max denote max{|d 1 
Two conditions for reducing the maximal length of disjoint paths
Suppose that Ω:
. . , n} is a qualified maximal partial routing function with Σ Ω = c, where 0 ≤ c ≤ m. It was shown in the previous section that by Lemma 3,  we can obtain m disjoint paths
respectively, in an n-cube with identical properties as that obtained by [13] . In this section, two conditions are proposed in terms of routing functions so that if one of the two conditions holds, then m disjoint paths
. . , d m , respectively, can be constructed in an n-cube so that their maximal length is less than the maximal length of Q 1 , Q 2 , . . . , Q m . Besides, the total length of R 1 , R 2 , . . . , R m is minimized and R i is either shortest or second shortest for all 1 ≤ i ≤ m. In this section, we assume, without loss of generality, that
The first condition
In this section, the first condition is proposed so that if it holds, then we can reduce the maximal length of Q 1 , Q 2 , . . . For an illustrative example, suppose that m = n = 5 and 
Refer to the example above, the partial routing function Ω makes Condition I hold as described below. We have
, Ω is maximal and qualified, and dis cm = |d 5 | = 3. Obviously, we have dis cm = 3 ∈ {2, 3} = {dis max − 1, dis max }. Condition I holds because there exists r = 1 node of 
The second condition
In this section, the second condition is proposed so that if it holds, then we can reduce the maximal length of Q 1 , 
It is not difficult to check that Ψ is maximal. Define another partial routing function Γ : Fig. 3, R 1 , R Refer to the example above, it makes Condition II hold as described below. We have
, Ω is maximal and qualified, and dis cm = |d 5 | = 4. Obviously, we have 
Proof. Since Condition II holds, we have Σ Ω c = c, which implies that Proof. Since Condition II holds, a maximal partial routing function Ψ : {d 1 , d 2 , . . . , d m−r ,d m−r+1 , . . . ,d m } → {1, 2, . . . , n} was obtained by Lemma 5. Define a partial routing function Γ :
It follows that Γ is maximal and qualified.
Besides, Lemma 3 (substitute Γ , d R m for Ω, d c−r+1 , d c−r+2 , . . . , d m , Q 1 , Q 2 , . . . , Q m , respectively) assures that R 1 , R 2 
The maximal length of R 1 , R 2 , . . . , R m is not greater than dis cm + 1, as explained below. Since R i and R v are both shortest, their maximal length is not greater than dis max ≤ dis cm + 1 because dis cm ∈ {dis max − 1, dis max } was assured by Condition II. By assumption, we have |d w | ≤ dis cm − 1 for all c + 1 ≤ w ≤ m − r, which implies that the length of R w is |d w | + 2 ≤ (dis cm − 1) + 2 = dis cm + 1. On the other hand (c − r + 1 ≤ w ≤ c), by assumption in Condition II, we have |d c−r+q | < dis cm for all 1 ≤ q ≤ r, which implies |d w | < dis cm for all c − r + 1 ≤ w ≤ c. It follows that the length of R w is ∈ {d c−r+1 , d c− It should be noted that when dis cm = dis max − 1 (in Conditions I and II), Theorem 1 assures that the maximal length of R 1 , R 2 , . . . , R m is not greater than dis cm + 1 = (dis max − 1) + 1 = dis max , which implies that their maximal length is equal to optimal dis max because dis max is the minimum. Besides, Theorem 1 can be applied to arbitrary single source node and multiple destination nodes because hypercubes are node symmetric.
Computer simulations
The probability that Condition I or II hold can be evaluated by taking a computer simulation. In order to make the computer simulation not only representative but accomplished within a reasonable short time, it was carried out in the situation that all of the source node s and destination nodes d 1 , d 2 , . . . , d n are distinct for 4 ≤ n ≤ 7, where s was assumed to be the origin, i.e. 0 n . In this section, we first outline the process of computer simulation and then give some discussions about the simulation results.
In the process of computer simulation, C (2 
If the length of Q i is not greater than dis max for all 1 ≤ i ≤ n, then the maximal length of Q 1 , Q 2 , . . . , Q n is dis max , which is also optimal. Otherwise (non-optimal case), Conditions I and II were verified.
Since the maximal length of Q 1 , Q 2 , . . . , Q n is greater than dis max in the non-optimal case, Lemma 3 assures that there exists a 1 ≤ j ≤ n such that the maximal length is equal to |d j | + 2, i.e. the length of Q j , and |d j | + 2 > dis max . It follows that the first trivial worst case is that e w ∈ {d 1 , d 2 , . . . , d n } for all w ∈ {k|d j,k = 1 and 1 ≤ k ≤ n}, and the second trivial worst case is that x ∈ {d 1 , d 2 , . . . , d n } for all x ⊂ d j such that |x| = |d j |−1, because any disjoint path from s to d j in these two worst cases has length not less than |d j | + 2, which is impossible to be further reduced. Refer to Table 1 , the numbers of combinations for non-optimal case, two trivial worst cases, and that Condition I or II hold are shown for n = 4, 5, 6, and 7, respectively. By excluding the two trivial worst cases, the computer simulation results show that the probability that Condition I or II hold is greater than 71%, 73%, 79%, and 85% for n = 4, 5, 6, and 7, respectively.
As shown above, two trivial worst cases are excluded in computing the probability. In fact, there exist other worst cases in which the maximal length of any n disjoint paths from s to d 1 , d 2 5 , respectively, so that their maximal length is less than the maximal distance plus two. These two examples indicate that the true probability that Condition I or II hold is actually much greater than our results if all kinds of worst cases are excluded in computing the probability. Another interesting phenomenon is that the probability becomes higher as n gets larger, which means that Theorem 1 is more effective when n is large.
Concluding remarks
Routing functions had been shown effective in deriving disjoint paths in hypercube-like networks [26] [27] [28] [29] . In this paper, we first describe the construction method of [13] in terms of routing functions and show that by using it, m disjoint paths Q 1 , Q 2 , . . . , Q m from s to d 1 , d 2 , . . . , d m , respectively, can be constructed in an n-cube so that not only is their total length minimized, but their maximal length is also minimized in the worst case. For general case, their maximal length is not greater than the minimum of n + 1 and the maximal distance (between s and d 1 , d 2 , . . . , d m ) plus two.
Then, we show that their maximal length can be further reduced by at least 1 according to Theorem 1 if Condition I or II hold. Besides, their total length remains minimum, and each path remains either shortest or second shortest. In order to figure out the probability that Condition I or II hold, a computer simulation was carried out in the situation that all of s and d 1 , d 2 , . . . , d n are mutually distinct. According to the computer simulation results, it was shown in Section 4 that by excluding two trivial worst cases, the probability is greater than 71%, 73%, 79%, and 85% for m = n = 4, 5, 6, and 7, respectively. Moreover, since there exist other worst cases, the true probability is actually much greater than our results if all kinds of worst cases are excluded in computing the probability.
Previously, most researches focused on the problem of minimizing the maximal length in the worst case. In this paper, another research direction was proposed for dealing with this kind of problem. Instead of computing the minimum of maximal length for general case, we study the methods for reducing the maximal length derived by current construction methods, because it is very hard to compute the minimum of maximal length for arbitrary s, d 1 ' not hold, we have that neither Condition I nor II holds, and hence the maximal length of Q 1 , Q 2 , . . . , Q 5 cannot be further reduced by Theorem 1. However, let R 1 = (00000, 00001, 00101), R 2 = (00000, 00100, 01100, 01101), R 3 = (00000, 10000, 10010, 10011, 00011), R 4 = (00000, 01000, 01010, 01011), and R 5 = (00000, 00010, 00110, 00111), where R i is the path from s to d i for all 1 ≤ i ≤ m. It is easy to check that R 1 , R 2 , . . . , R 5 are mutually disjoint and their maximal length is 4, which is the minimum for this example, and 4 is less than 5, i.e. the maximal length of Q 1 , Q 2 , . . . , Q 5 .
